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Introduction 
The Residual Potential Method, introduced by Geers [ l ] ,  appears to be a very 
promising technique in the solution of sol id-f luid interaction problems. The 
theoretical development of the method in cylindrical coordinates was pre- 
sented in [1,2]. In [3], Geers presents some numerical results obtained using 
the Residual Potential Method in spherical coordinates; however, the theo- 
retical treatment is not provided. The purpose of the present work is to 
express the classical spherical wave equation in terms of a residual potential 
and to discuss the accuracy of the various forms of the related acoustic 
approximations. 
Theory 
The axisymmetric (two-dimensional) wave equation in spherical coordinates 
is given by 
~2@ 2 
Br 2 r 
2@ l 
Dr r 2@ 2 c 2 ~t 2 
in which @ is the velocity potential; r and @ denote, respectively, the 
radial and meridional coordinates. The speed of sound in the acoustic 
medium is c and time is t. The analysis to follow can be extended to the 
three-dimensional wave equation without any d i f f icu l ty .  Expand @<r,@,t> 
in terms of Legendre functions: 
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Subst i tu t ion of (2) into ( I )  y ie lds 
~2~n 2 ~¢n X ~2~ n + n 1 
~r 2 r 3r r 2 @n - 2 c ~t 2 
in which ~ = n(n+l) .  
n 
by the fo l lowing [4] :  
n 
Cn <r , t>  = r n (~-~-~) 
in which h is yet  unknown. 
n 
~h ~h n 1 n 
~r = - c 9t 
For outgoing waves, the so lut ion of  (3) is given 
[~ h n <r -c t>]  
Noting that  
@n can be expressed in the fo l lowing form: 
= (_l)n ~ F n (_~)k ~n-k hn 




Fk = 2kk~ (n-k) :  
Llsing (6) and (5), i t  can be shown that 
~@n 1 ~@n 1 1 
~-r + c ~ + r  @n = r  @Rn 
in which the residual ve loc i ty  potent ia l  @Rn is given by 
~_l)n n Fn c k 9n-k hn 
= -  ~ k k (~) k @Rn c n r ~t n- 
k=o 
Employing the Laplace and, then, inverse transformations on (6) and (9),  
one obtains the fo l lowing reduced spherical wave equation: 
~@n r ~@n I t ~¢n 
r T r -  + c ~-t + (n+l) @n = fn <t-~> - 
o ~t 
in which f <t> = 0 
0 
n 
fn<t> = ~ exp (ank-  ~ ) ,  ( n : l , 2 , . . . )  
k=l 
where ank are the n roots of the fo l lowing polynomial: 
n n sn-k 












RESIDUAL POTENTIAL METHOD 259 
For a submerged spherical shel l ,  i f  one is interested in the transient 
response of the shell only, the reduced spherical wave equation (I0) proves 
to be very pract ica l .  The f <T> versus nondimensional time T = ct /a n 
curves are given in Figure 1 for  a few values of n. Here, a denotes the 
radius of the spherical f l u id  cavi ty.  In this form, fn<T> is independent 
of a l l  physical parameters. The curves presented in Figure 1 are useful 
for  a l l  response computations. A s imi lar  conclusion was obtained by Geers 
[ I ]  for  his reduced cy l indr ica l  wave equation. The MacLaurin series repre- 
sentation of fn<T> is given by 
~n ~n T 2 ~ ~n 3 
fn<T> : n - T T + T ~ + -~  ( T -  3) T 3~ 
n T 
2 (~n -3) + -- TT. 
(13) 
The fol lowing addit ional properties of fn can be obtained easi ly:  
f~fn<T> dT = 1 , f ~ dfn T = - n d T  
0 0 
(14) 
In [3 ] ,  Geers presents three doubly asymptotic approximations; namely, 
DAA I ,  DAA 2 with mn = nc/a and DAA 2 with mn = (n+l)c/a.  Refer to [3] 
for  a discussion of these approximations. In our analysis, the doubly 
asymptotic approximations correspond to the fol lowing expressions for  
fn<T>: 
, < T >  = O, for  DAA 1 fn 
for  DAA 2 with ~n = nc/a, fn<T> = ne -nT , 
for  0AA 2 with ~n = (n+l)c/a,  fn<T> = (n+l)e - (n+l)T 
Note that both of the DAA 2 approximations sat is fy  the f i r s t  of 
equation (14). Moreover, they reasonably approximate the actual 
fn<T> curves given in Figure I .  
(15) 
Numerical Example and Discussion 
A spherical shell submerged in an i n f i n i t e  medium is subjected to a 
concentrated load at the apex in the form of a Heaviside function in 
time. This is the same problem that was studied by Lou and Klosner 
[5] .  The shell and f l u i d  parameters used are the same as those used in 
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Function fn<T> defined in equation ( l l ) .  
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FIG. 2 
Results for a submerged spherical shell. 
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[5] .  The radial def lect ion at the shell apex is plotted as a function 
of T in Figure 2. Only the f i r s t  ten modes were superimposed, ex- 
cluding the t ranslat ional  mode n = I .  We real ize that ten modes are 
not su f f i c ien t  to determine the response of the shel l .  Lou and Klosner 
[5] use 80 modes for  this problem. The superposition of the f i r s t  ten 
modes only is believed to be su f f i c ien t  for our purpose which is to 
show the app l i cab i l i t y  of the method presented and to discuss the 
va l i d i t y  of the approximations. Figure 2 contains, in addit ion to the 
exact solut ion,  four approximate solut ions. 
solutions are Geers' DAA 2 defined in (15). 
are 
f <T> = n n 
and 
Two of the approximate 
The other two approximations 
fn<T> : n - ~0_ (l_e -T ) 
As seen in Figure 2, the doubly asymptotic approximations are much 
better than the other two. The reason for  p lo t t ing the two approxi- 
mations described by (16) and (17) is as fol lows: Equation (16) 
corresponds to the classical spherical wave approximation (SWA): 
(16) 
(17) 
: o ( 1 8 )  Dr c ~t a 
which is discussed in detai l  in [5] .  Equation (17) corresponds to the 
fol lowing approximate wave equation 
a _ ~  ~ 1 ~ 1 2~ ~2~ ~ (I + ~ ) ( ~  + - c ~ +  a ~) (~¢2 + Cot~-~-) = O, (19) 
which w i l l  be called an improved spherical wave approximation (ISWA). 
In the solut ion of she l l - f l u i d  interact ion problems, i f  an approximate 
wave equation s imi lar  to the SWA or the ISWA in nature is used, then 
i t  is not necessa~ to go through a modal analysis. As seen in Figure 2, 
for  early times, the ISWA which is given by (19) is a much better approxi- 
mation than the SWA which is given by (18). The suggestion is that i t  may be 
possible to obtain approximations which are better than any exist ing 
approximation. However, the res t r i c t i on  is that any improved approximation 
should be as pract ical  as the SWA, ISWA, or DAA's which do not require one 
to use a modal analysis. 
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FIG. 3 
Comparison of approximate solutions for the submerged shell .  
For instance, an improved doubly asymptotic approximation (IDAA) is obtained 
using the following expression for fn <~>: 
f <T> = ne -(~n2T2/4) (20) 
n 
The DAA 2 and the IDAA are compared with the exact solution in Figure 3. The 
IDAA is a better approximation, at least for the problem under consideration. 
However, the use of the IDAA requires one to use a modal analysis. The work 
is under way to obtain other IDAA's which do not present this impract ical i ty .  
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